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We introduce the nonlinear spin coherent state via its ladder operator formalism and propose a
type of nonlinear spin coherent state by the nonlinear time evolution of spin coherent states. By a
new version of spectroscopic squeezing criteria we study the spin squeezing in both the spin coherent
state and nonlinear spin coherent state. The results show that the spin coherent state is not squeezed
in the x, y, and z directions, and the nonlinear spin coherent state may be squeezed in the x and y
directions.
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I. INTRODUCTION
In nonlinear systems such as optical Kerr medium [1],
squeezed states of the radiation field [2] have been exten-
sively studied. The spin squeezed states are also studied
in nonlinear systems [3] and proved to be useful to en-
hance spectroscopic resolution [4], e.g., in atomic clocks.
The generation of the spin squeezed states has been stud-
ied by many ways, such as by interaction of atoms with
squeezed light [4–8], quantum nondemolition measure-
ment of atomic spin states [9], and atomic collisional in-
teractions [10].
The spin squeezed states can be characterized in many
different ways [3,4,11]. In our study we employ the cri-
teria of spin squeezing recently proposed by Sørensen et
al. [12] as a new version of spectroscopic squeezing [4,13].
The squeezing parameter is defined as [12]
ξ2~n1 =
2j(∆J~n1)
2
〈J~n2〉
2 + 〈J~n3〉
2
, (1)
where J~n = ~n · ~J, ~ni(i = 1, 2, 3) are orthogonal unit
vectors and ~J is the spin-j angular momentum opera-
tor. The states with ξ2~n < 1 are spin squeezed in the
direction ~n. We will show a interesting feature that the
squeezing parameters ξ2x = ξ
2
y = ξ
2
z = 1 for spin coher-
ent states(SCS) [14], which indicates that the SCS is not
squeezed in the x, y and z directions.
In this paper we introduce the nonlinear SCS and con-
sider the spin squeezing in it. Sec. II gives the definition
of the nonlinear SCS via its ladder operator formalism
and propose a type of nonlinear SCS by the time evolu-
tion of the SCS under nonlinear Hamiltonian. In Sec. III
we first prove that the SCS exhibits no squeezing in the
x, y, and z directions and then study the spin squeezing
in the nonlinear SCS. A conclusion is given in Sec. IV.
II. NONLINEAR SCS
We work in a (2j+1)-dimensional angular momentum
Hilbert space {|j,m〉;m = −j, ...,+j}. It is convenient to
define a number operator N = Jz + j, and the ‘number
states’ |n〉 which satisfy
|n〉 ≡ |j,−j + n〉,N|n〉 = n|n〉. (2)
The SCS is given by [14],
|η〉 = (1 + |η|2)−j
2j∑
n=0
(
2j
n
)1/2
ηn|n〉, (3)
where η is complex.
It is easy to check that the SCS satisfies the following
equation
J−|η〉 = η(2j −N )|η〉. (4)
where the operators J± = Jx ± iJy. This is a ladder
operator formalism of the SCS.
By recalling the definition of the bosonic nonlinear co-
herent state [15] and su(1,1) nonlinear coherent states
[16], it is natural to define the nonlinear SCS as
f(N )J−|η〉nl = η(2j −N )|η〉nl, (5)
where f(N ) is a nonlinear function of the number oper-
ator N . Eq.(5) is of the ladder operator form.
Now we propose a type of nonlinear SCS. The SCS
under the evolution of the nonlinear Hamiltonian F (N )
is directly given by
|η, t〉 = e−itF (N )|η〉
= (1 + |η|2)−j
2j∑
n=0
(
2j
n
)1/2
ηne−itF (n)|n〉. (6)
From Eqs.(4) and (6) we find the state |η, t〉 satisfies
eit[F (N+1)−F (N )]J−|η, t〉 = η(2j −N )|η, t〉. (7)
According to the definition of the nonlinear SCS, the
above state is a nonlinear SCS with the nonlinear func-
tion eit[F (N+1)−F (N )].
For F (N ) = N 2 −N , Eq.(7) reduces to
1
ei2N tJ−|η, t〉 = η(2j −N )|η, t〉. (8)
Further let t = π/2, the above equation reduces to
ΠJ−|η, π/2〉 = η(2j −N )|η, π/2〉, (9)
where Π = (−1)N is the parity operator. Next we study
the spin squeezing of the SCS |η〉 and the nonlinear SCS
|η, t〉.
III. SPIN SQUEEZING
We first give a proof that there is no spin squeezing in
the SCS along the x, y, and z directions, and then study
the spin squeezing in the nonlinear SCS.
A. The SCS
In order to calculate the squeezing parameter (1) we
need to know the expectation values 〈N k〉 and 〈Jk−〉(k =
1, 2). It is convenient to calculate 〈N k〉 by the generation
function method. The generation function of the SCS is
given by
G(λ) = 〈η|λN |η〉 =
(1 + λ|η|2)2j
(1 + |η|2)2j
, (10)
from which the factorial moments follow
F (k) =
dkG(λ)
dkλ
|λ=1 =
|η|2k(2j)!
(1 + |η|2)k(2j − k)!
. (11)
The factorial moments immediately give the expectation
values of the operators N and N 2 and the variance of N
〈N〉 = F (1) =
2j|η|2
1 + |η|2
, (12)
〈N 2〉 = F (2) + F (1) =
2j|η|2 + 4j2|η|4
(1 + |η|2)2
(13)
(∆N )2 =
2j|η|2
(1 + |η|2)2
. (14)
From Eq.(3) the expectation value 〈Jk−〉 are obtained
as
〈Jk−〉 =
ηk(2j)!
(1 + |η|2)k(2j − k)!
(15)
Now we calculate the squeezing parameter ξ2z , which is
rewritten as
ξ2z =
2j(∆N )2
|〈J−〉|2
. (16)
Then substituting Eqs.(14) and (15) into Eq.(16), we im-
mediately obtain ξ2z = 1.
To calculate ξ2x and ξ
2
y we need the identities
J2x =
1
4
[2j(2N + 1)− 2N 2 + J2+ + J
2
−], (17)
J2y =
1
4
[2j(2N + 1)− 2N 2 − J2+ − J
2
−], (18)
which gives the expectation values of J2x and J
2
y in terms
of 〈N〉, 〈N 2〉 and 〈J2±〉.
From Eq.(15) and the relation Jz = N − j, we get
〈Jx〉 =
j(η + η∗)
1 + |η|2
, 〈Jy〉 =
j(η∗ − η)
i(1 + |η|2)
, 〈Jz〉 =
j(|η|2 − 1)
1 + |η|2
(19)
From Eqs.(12-13), (15), and (17-19), the variances of Jx
and Jy are expressed as
〈∆Jx〉
2 =
j(1 + |η|4 − η2 − η∗2)
2(1 + |η|2)2
=
〈Jy〉2 + 〈Jz〉2
2j
, (20)
〈∆Jy〉
2 =
j(1 + |η|4 + η2 + η∗2)
2(1 + |η|2)2
=
〈Jz〉2 + 〈Jx〉2
2j
. (21)
The above two equations directly lead to ξ2x = ξ
2
y = 1.
Thus we have shown that the squeezing parameters ξ2x =
ξ2y = ξ
2
z = 1 for the SCS. That is to say, the SCS exhibits
no squeezing in the x, y and z direction, irrespective of
the complex η. We expect that the spin squeezing exists
in the nonlinear SCS.
B. The nonlinear SCS
We examine the spin squeezing in the nonlinear SCS
|η, t〉. The expectation values 〈 N〉 ,〈N 2〉 and the variance
(∆N )2 are time independent and given by Eqs.(12), (13),
and (14), respectively.
From Eq.(6), we obtain the expectation value of Jk− on
the state |η, t〉 as
〈Jk−〉 = η
k(1 + |η|2)−2j
(2j)!
(2j − k)!
×
2j−k∑
n=0
(
2j − k
n
)
|η|2neit[F (n)−F (n+k)]. (22)
Of course Eq.(22) reduces to Eq.(15) at t = 0.
By substituting Eqs.(14) and (22) into (16), the
squeezing parameter ξ2z is given by
ξ2z =
1∣∣∣ 1(1+|η|2)2j−1 ∑2j−1n=0 (2j−1n )|η|2neit[F (n)−F (n+1)]
∣∣∣2
(23)
For M + 1 complex quantities ci(i = 0...M), there is an
inequality
|c0 + c1 + ...+ cM | ≤ |c0|+ |c1|+ ...+ |cM | (24)
2
Using this inequality in Eq.(23), we find that
ξ2z ≥ 1. (25)
So a general conclusion is made that no squeezing occurs
in the z direction for arbitrary nonlinear function F (N ).
However spin squeezing may exist in the x or y directions.
Next we make numerical calculations to show the spin
squeezing.
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FIG. 1. Squeezing parameters ξ2α(α = x, y) as a func-
tion of time t. We plot ξ2α for the nonlinear Hamtonian
F (N ) = N 2, ξ3α + 0.6 for F (N ) = N
3, and ξ2α + 1.2 for
F (N ) = N 4. Solid line and dashed line correspond to ξ2x and
ξ2y, respectively. The parameters η = 0.1 and j = 5.
Fig.1 gives the squeezing parameters ξ2α(α = x, y) as
a function of time t for different nonlinear Hamiltonians
F (N ) = N k(k = 2, 3, 4). For small time t we observe
that the state is squeezed in the x direction other than the
y direction. As k increases, the frequency of occurrence
of spin squeezing increases. In most of the time we also
see that the spin squeezing alternatively appears in the
x and y directions, i.e., when the state is squeezed in the
x(y) direction, it is not squeezed in the y(x) direction.
The state can show no spin squeezing in both the x and
y directions in some small ranges of t, but it can not show
spin squeezing at the same time in the two directions.
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FIG. 2. Squeezing parameters ξ2α(α = x, y) as a function of
time t for the nonlinear Hamtonian F (N ) = sin(2N ). Solid
line and dashed line correspond to ξ2x and ξ
2
y, respectively.
We plot ξ2α for η = 0.1, ξ
2
α + 1 for η = 0.2, and ξ
2
α + 2.5 for
η = 0.3.The parameter j = 5.
It is interesting to consider the squeezing in the nonlin-
ear Hamiltonian H = sin(aN ) which can be realized in
physical systems [17]. The numerical results are shown
in Fig.2. For η = 0.1 we observe that the spin squeezing
in the x and y directions appears alternatively in the be-
ginning of the time evolution. For small time t, the state
is squeezed in the y direction other than x direction in
contrast to Fig.1. We also observe that the time range
of spin squeezing decreases as the parameter η increases,
i.e., the squeezing does not occur in most of the time as
η is large.
IV. CONCLUSIONS
In conclusion we have given the definition and pro-
posed an example of the nonlinear SCS. We have studied
the spin squeezing in both the SCS and the nonlinear
SCS. The main results are as follows:
1. The squeezing parameters ξ2x = ξ
2
y = ξ
2
z = 1 for the
SCS. That is to say, the SCS is not squeezed in the x, y
and z directions, irrespective of the parameter η.
2. The nonlinear SCS shows no spin squeezing in the
z direction for arbitrary nonlinear Hamiltonian F (N ).
3. The nonlinear SCS may be squeezed in the x and
y directions. In most of the time the squeezing appears
alternatively in the x and y directions as time goes on.
Also we observe that the state can not be squeezed at
the same time in the two directions.
The spin squeezing originates from the nonlinearity of
the nonlinear SCS. Then we expect that the spin squeez-
ing exists in other nonlinear SCS with difference nonlin-
ear functions.
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